We give a classification of locally free smooth actions of the affine group of the real line on closed three-dimensional manifolds. The actions are parametrized by a cohomology class that represents the obstruction to preserving a volume if the fundamental group of the manifold is not solvable. In particular, there exists a non-homogeneous action of the affine group.
Introduction
Let Aff + (R) be the group of orientation preserving affine transformations of the real line. The main theme of this paper is to classify locally free actions of Aff + (R) on closed three-dimensional manifolds up to smooth conjugacy. We say two right actions ρ 1 and ρ 2 of a Lie group G on manifolds M 1 and M 2 are smoothly conjugate if there exist an isomorphism α of G and a diffeomorphism H from M 1 to M 2 such that H(ρ 1 (p, g)) = ρ 2 (H(p), α(g)) for any g ∈ G and p ∈ M 1 . The map H is called a smooth conjugacy between ρ 1 and ρ 2 .
Up to isomorphism, there are the only two three-dimensional simply connected Lie groups that admit a cocompact lattice and contain Aff + (R) as a subgroup. One is the universal covering group PSL(2, R) of the group PSL(2, R) of projective transformations of the real projective line RP 1 . The other is the semi-direct product group Solv = R ⋉ R 2 that is induced from an action t · (x, y) → (e −t x, e t y) of R on R 2 . In the former group, Aff + (R) can be identified with the subgroup of lower triangle elements. In the latter, Aff + (R) is identified with {(t, (0, y)) | t, y ∈ R}. An action of Aff + (R) on a three manifold is called homogeneous if there exists a cocompact lattice Γ of G = PSL (2, R) or Solv such that the action is smoothly conjugate to the natural right action on Γ\G.
In 1980's, Ghys gave a classification of codimension-one locally free smooth action of Aff + (R) assuming the existence of an invariant volume. Notice that the word 'smooth' means 'of class C ∞ ' in this paper. Theorem 1.1 (Ghys [9] ). If a locally free smooth action of Aff + (R) on a closed and connected three-dimensional manifold admits a continuous invariant volume, then it is homogeneous.
The following problem is quite natural. Problem 1.2. Remove the assumption on an invariant volume or show the existence of a locally free smooth action of Aff + (R) on a closed three manifold that is non-homogeneous.
Ghys's result was generalized to codimension-one actions of some higherdimensional solvable groups that admits a continuous invariant volume ( [3] , [4] , [6] , [21] , and [22] ). Recently, Belliart [5] removed the assumption on an invariant volume for a large class of higher-dimensional solvable groups. However, the above problem was open for over twenty years (see [4, p.2] . A related problem was mentioned in [18, p.1841] ).
In the paper cited above, Ghys gave some partial results. The group Aff + (R) is generated by one-parameter subgroups {X t } t∈R and {U y } y∈R with the relation U y X t = X t U e t y . For a right action ρ of Aff + (R) on a manifold M , let Φ ρ = {Φ t } t∈R be the flow defined by the ρ-action of {X t } t∈R on M , that is, Φ t ρ (p) = ρ(p, X t ).
Theorem 1.3 (Ghys [9] ). Let M be a closed three-dimensional manifold and ρ a locally free smooth right action of Aff + (R) on M . Then, there exists a closed one-form ω on M such that
for any (p, T ) ∈ M × R with Φ T ρ (p) = p.
Corollary 1.4 (Ghys [9] ). Any locally free smooth action of Aff + (R) on a rational homology sphere preserves a continuous volume. In particular, it is a homogeneous action.
The author of this paper also showed the rigidity of the orbit foliations of Aff + (R). Theorem 1.5 ([1] ). Let ρ be a locally free smooth action of Aff + (R) on a closed and connected three manifold M . Then, ρ is smoothly orbit equivalent to an homogeneous action, that is, there exists a cocompact lattice Γ of G = PSL (2, R) or Solv and a diffeomorphism H from M to Γ\G such that H({ρ(p, g) | g ∈ Aff + (R)}) = {H(p) · g | g ∈ Aff + (R)} for any p ∈ M . Moreover, the flow Φ ρ is Anosov.
The above theorems and the classification of Anosov flows on solvable manifolds [19] gives the answer to Problem 1.2 in the case that the fundamental group of M is solvable. Theorem 1.6 (Ghys) . Let Γ be a cocompact lattice of Solv . Then, any locally free smooth action of Aff + (R) on Γ\Solv preserves a continuous volume. In particular, it is a homogeneous action.
See Appendix for the proof. The remaining cases is that the underlying manifold is the quotient space of PSL(2, R) by a cocompact lattice and it is not a rational homology sphere. The main goal of this paper is to give the complete classification of locally free smooth actions of Aff + (R) in this case. As a consequence, we will see that there exists a non-homogeneous action of Aff + (R).
For a cocompact lattice Γ of PSL(2, R), we denote the quotient space Γ\ PSL(2, R) by M Γ . Let A(Aff + (R), M Γ ) be the set of locally free smooth actions of Aff + (R) on M Γ of which orbit foliation coincides with that of the natural homogeneous action. As Theorem 1.5, any locally free smooth action of Aff + (R) on a closed three manifold with the non-solvable fundamental group is smoothly conjugate to an action in A(Aff + (R), M Γ ) for some cocompact lattice Γ. Therefore, it is sufficient to classify actions in A(Aff + (R), M Γ ) up to conjugacy.
It is known that H 1 (M Γ , R) is generated by periodic orbits of the Anosov flow Φ ρ (see Corollary 3.4) . Hence, Theorem 1.3 implies the equation (1) define a mapā Γ from A(Aff + (R), M Γ ) to H 1 (M Γ , R). The first theorem shows that the mapā Γ parametrizes the conjugacy classes of A(Aff + (R), M Γ ).
where cosh −1 is the non-negative branch of the inverse of the hyperbolic cosine function cosh x = (e x + e −x )/2. We identify the lattice Γ with the fundamental group of M Γ . Then, the evaluation a(γ) is well-defined for a cohomology class a in H 1 (M Γ , R) and γ ∈ Γ. For a cocompact lattice Γ of PSL(2, R), let ∆ Γ be the set of cohomology classes a in H 1 (M Γ , R) that satisfy sup |a(γ)| |γ| γ ∈ Γ, |γ| > 0 < 1.
As we will see in Corollary 3.8, it is a non-empty open and convex subset of
for any cocompact lattice Γ of PSL(2, R).
Corollary. If M Γ is not a rational homology sphere, A(Aff + (R), M Γ ) contains non-homogeneous actions.
Remark 1.8. Mitsumatsu and Matsumoto [18] calculated the first leafwise cohomology group of the orbit foliation of the homogeneous action of Aff + (R) on M Γ . Their result implies that H 1 (M Γ , R) can be formally identified with the space of infinitesimal deformations of conjugacy classes in A(Aff + (R), M Γ ) at the homogeneous action. So, our result is compatible with theirs.
As Theorem 1.5, the flow Φ ρ is Anosov. The last theorem shows that it is not a quasi-Fuchsian flow in the sense of Ghys [12] if the action is non-homogeneous.
Theorem C. Let Γ be a cocompact lattice of PSL(2, R) and ρ an action in A(Aff + (R), M Γ ). If the stable foliation of the flow Φ ρ is of class C 2 , then ρ is a homogeneous action.
To end the introduction, we would like to pose some questions. First, the following question is still open. Question 1.9. Does there exists a real-analytic non-homogeneous action? Second, the above theorems give the complete list of conjugacy classes of locally free smooth actions of Aff + (R) on closed three-dimensional manifolds. However, our construction gives no information about the relations of actions corresponding to different cohomology classes in ∆ Γ . So, the following question may be interesting. Finally, our construction of non-homogeneous actions is a transcendental one because the proof of Theorem 5.11 needs the Schauder-Tychonoff fixed point theorem. So, the following question may be important to understand non-homogeneous actions. Question 1.11. Let X and U be the vector fields generating the natural right actions {X t } t∈R and {U y } y∈R , respectively. Take ρ ∈ A(Aff + (R), M Γ ) and let f 1 , g 1 , f 2 , and g 2 be functions such that vector fields f 1 · X + g 1 · U and f 2 ·X +g 2 ·U generate {ρ(X t )} t∈R and {ρ(U y )} y∈R , respectively. What property do the functions f 1 , g 1 , f 2 , and g 2 have?
Outline of Proofs
Theorem A follows from some known results on conjugacy and orbit equivalence of Anosov flows. We review them in Subsection 2.1 and 2.2, and give a proof of Theorem A in Subsection 2.3.
Proof of Theorem B is the main content of the paper. In Section 3, we show that the image ofā Γ is contained in ∆ Γ . We also characterize the set ∆ Γ in terms of reparametrizations of the homogeneous Anosov flow Φ Γ on M Γ . It is used in the last step of the proof of Theorem B.
The harder part of the proof of Theorem B is the construction of a smooth action ρ withā Γ (ρ) = a for any given class a in ∆ Γ . The first ingredient of the construction is a leafwise smooth version of Cawley's construction [7] of Anosov systems with desired derivatives. It is done by destroying and reconstructing the transverse smooth structure of the weak stable foliation of the Anosov flow. In Section 4, we introduce the leafwise smooth category and describe how to construct new smooth structures in a general setting. We also see how the replacement of smooth structures changes the regularity of a flow on the manifold. In Section 5, we show the leafwise smooth version of the Livschitz theorem and Cawley's Radon-Nikodym realization theorem for homogeneous Anosov flows.
Cawley's construction of Anosov system was used to describe the space of C 1+H -conjugacy classes of two dimensional Anosov diffeomorphisms and it gives only C 1+H -Anosov systems. Since we need to construct a smooth Anosov flow, it is necessary to improve the regularity of the flow. It is the second ingredient of our construction and is done in Subsection 6.1 by replacing smooth structure inductively and taking a limit. Once we obtain an Anosov flow with the desired derivative, it is not so difficult to construct the required action of Aff + (R). It is done in Subsection 6.2.
Theorem C is a consequence of Ghys's classification of Anosov flows which admit C 2 -invariant foliations (Theorem 7.1) and a simple calculation on the trace of matrices. It is proved in Section 7.
In Appendix A, we give a proof of Theorem 1.6. It is due to Ghys, but it has not been published. The proof is an application of the fact that any Anosov flows on a solvable three-dimensional manifold is orbit equivalent to the suspension flow of a hyperbolic toral automorphism.
Conjugacies of actions
The main aim of this section is to prove Theorem A. It is done by applying some known results on conjugacies and orbit equivalences of Anosov flows.
Conjugacies of Anosov flows
Let Φ be a flow on a closed manifold M without stationary points. We denote the tangent bundle of M by T M and its one-dimensional subbundle tangent to the orbits of Φ by T Φ. The flow Φ is called Anosov if there exists a continuous DΦ-invariant splitting T M = T Φ ⊕ E ss ⊕ E uu and T > 0 such that 
for any t ∈ R, and an orbit equivalence if
for any p ∈ M 1 .
The following theorems are fundamental to obtain a smooth conjugacy between Anosov flows. [17] ). Let Φ 1 and Φ 2 be smooth Anosov flows on three-dimensional closed manifolds M 1 and M 2 , respectively.
Then, H is a smooth diffeomorphism.
Homogeneous Anosov flows
Let PSL(2, R) be the group of projective transformation of the real projective line RP 1 and PSL(2, R) be its universal covering group. By θ, we denote the projection from PSL(2, R) to PSL(2, R). We define one-parameter subgroups
They are well-defined and satisfy the following identities:
In the below, we identify Aff + (R) with a subgroup {X t U y | t, y ∈ R} of PSL(2, R). Let Γ be a cocompact lattice of PSL(2, R). By M Γ , we denote the quotient space Γ\ PSL(2, R). It admits a natural right action of PSL(2, R), and hence, of Aff + (R). By F u Γ , we denote the orbit foliation of the action of Aff
The identities (4) and (5) implies that Φ Γ is an Anosov flow and its weak unstable foliation is F u Γ . We call the flow Φ Γ the homogeneous Anosov flow on M Γ .
The following proposition characterize Anosov flows whose weak unstable foliation is F u Γ .
Proposition 2.3. Let Φ be an Anosov flow on M Γ such that its weak unstable foliation coincide with F u Γ . Then, there exists a homeomorphism H of M Γ which is isotopic to the identity, preserves each leaf of F u Γ , and gives an orbit equivalence between Φ Γ and Φ.
Proof. In [8] , Ghys showed that any Anosov flows on the unit tangent bundle of a closed surface with hyperbolic metric is orbit equivalent to the geodesic flow. A careful reading of his proof gives a proof of the proposition. The key observation for our case is the following: The assumption on the weak unstable foliations implies that the asymptotics of the lifts of the periodic orbits of Φ and Φ Γ to PSL(2, R) coincide if they are same leaf of the lift of F u Γ .
Proof of Theorem A
Now, we prove Theorem A. Let Γ be a cocompact lattice of PSL(2, R) and ρ 1 and ρ 2 be actions in
be the Anosov splitting associated with Φ i . By Proposition 2.3, there exists a homeomorphism H i which is isotopic to the identity, preserves each leaf of F u Γ , and gives an orbit equivalence between Φ Γ and Φ i . We can define a function
Then, there exist P ∈ PSL(2, R) and γ ∈ Γ such that p = π Γ (P ) and γ · P = P · X T , where π Γ is the projection from PSL(2, R) to M Γ . Put p i = H i (p) and T i = τ i (p, T ) for i = 1, 2. Then, p i is a periodic point of Φ i with period T i . It is easy to check that
log
for i = 1, 2, where E ss is the strong unstable subbundle of Φ Γ . The above equations imply that
. Applying Theorem 2.1 to the pair (Φ 1 , Φ 2 ), we obtain a conjugacy H between Φ 1 and Φ 2 which is isotopic to the identity. The equations (7) and (8) imply that the flows Φ 1 and Φ 2 satisfy the assumption of Theorem 2.2. Therefore, the conjugacy H is smooth.
Let F uu i be the strong unstable foliation of Φ i , X i the vector field generating Φ i , and U i the vector field generating the flow {ρ i (·, U y )} y∈R for i = 1, 2. Since the smooth conjugacy H maps leaves of F uu 1 to those of F uu 2 and U i is tangent to F uu i , there exists a function g on M Γ such that g(p) = 0 and DH(U 1 (H −1 (p))) = g(p) · U 2 (p) for any p ∈ M Γ . The equations [U i , X i ] = U i and DH(X 1 ) = X 2 imply X 2 g = 0.
Since the flow Φ 2 is topologically transitive, the function g is constant with a non-zero value C. Now, we have
for any t, y ∈ R and p ∈ M Γ .
3 The space ∆ Γ and reparametrizations of Φ Γ In [10] , Ghys constructed a natural reparametrization of the flow Φ Γ associated with a cohomology class in H 1 (M Γ ) which is sufficiently close to zero. One of the main results of this section is that any class in ∆ Γ allows his construction. It is used at the last step of the proof of Theorem B. We also show that the image ofā Γ is contained in ∆ Γ .
Cocompact lattices of PSL(2, R)
We say a non-identity element of PSL(2, R) is hyperbolic, elliptic, or parabolic, if the absolute value of its trace is greater than, less than, or equal to two, respectively. Recall that θ is the projection from PSL(2, R) to PSL(2, R) and the non-negative function | · | on PSL(2, R) is defined by
It is known that the center of PSL(2, R) coincides with the kernel of the projection θ and it is a infinite cyclic group. An element of PSL(2, R) is called central if it is contained in the center of PSL(2, R). We say a non-central element P of PSL(2, R) is hyperbolic, elliptic, or parabolic, if so is θ(P ). Remark that if P is hyperbolic then there exist Q ∈ PSL(2, R) and a central element c ∈ PSL(2, R) such that P = cQX |P | Q −1 .
We summarize some basic properties of cocompact lattices of PSL(2, R). Let [P, Q] be the commutator P −1 Q −1 P Q of elements P and Q of PSL(2, R).
Lemma 3.1. Any cocompact lattice Γ of PSL(2, R) satisfies the following properties:
Any elliptic elements in θ(Γ)
is of finite order. 4 . Γ contains no parabolic element.
The commutator subgroup [Γ, Γ] contains a non-trivial central element.
Proof. We start with the proof of the first assertion. Consider the natural left action of PSL(2, R) on the real projective line RP 1 . Put F (γ) = {P ∈ RP 1 | γ · P = P }. Since Γ is cocompact, it contains two hyperbolic elements γ 1 and γ 2 such that F (γ 1 ) = F (γ 2 ). It is easy to see that any element of PSL(2, R) commuting with γ i fixes each point of F (γ i ). Since F (γ) contains at most two points for any non-central element γ of PSL(2, R), the element γ c is central.
Next, we show that the second assertion. Let e be the identity element of PSL(2, R) and G c be the center of PSL(2, R). Since Γ is cocompact, there exists a generator {γ 1 , · · · , γ m } of Γ. Take two neighborhoods U and V of e such that
By the first assertion, we have γ ∈ G c , and hence, γ = c. It implies that θ(Γ) is discrete. Since Γ is cocompact, so is θ(Γ).
If θ(γ) is an elliptic element of PSL(2, R), the closure of {θ(γ) n | n ∈ Z} is compact. It implies the third assertion. It is known that any cocompact lattice of PSL(2, R) contains no parabolic elements (see e.g. [2] ). The forth assertion follows from this fact.
To show the last assertion, we recall Selberg's lemma for cocompact lattices of PSL(2, R). It asserts the existence of a finite index subgroup Γ ′ of Γ which contains no elliptic element. Since θ(Γ ′ ) is a cocompact lattice and any nonidentity element is hyperbolic, the quotient map π : PSL(2, R)→θ(Γ ′ )\PSL(2, R) gives the unit tangent bundle over a closed surface with negative Euler number. It implies that [Γ ′ , Γ ′ ] contains a non-trivial central element.
Let Γ be a cocompact lattice of PSL(2, R). Recall that M Γ is the quotient space Γ\ PSL(2, R) and the lattice Γ is identified with the fundamental group of M Γ . The following is a direct consequence of the above lemma.
Lemma 3.2. Any non-hyperbolic element of Γ represents the zero class of
By X, S, and U , we denote the vector fields on M Γ that generate the actions
Proof. As remarked at the beginning of the subsection, there exists P ∈ PSL(2, R) and a central element c 0 ∈ PSL(2, R) such that c 0 γP = P X |γ| . Since the center of PSL(2, R) is cyclic, the last assertion of Lemma 3.1 implies that c = c n 0 is contained in Γ for some n ≥ 1. Now, it is easy to check that (cγ n )P = P X n|γ| . By Lemma 3.2, any central element in Γ represents the zero class in H 1 (M Γ , R). Therefore, the following is an immediate consequence of the above lemma.
is generated by periodic orbits of Φ Γ as an R-vector space.
The parameter space ∆ Γ
Let Γ be a cocompact lattice of PSL(2, R) and Γ h the subset of Γ consisting of hyperbolic elements. Recall that
This action was introduced by Ghys in [10] , where he used it to construct a non-homogeneous Anosov flow with a smooth Anosov splitting.
Proposition 3.5. For any a ∈ ∆ Γ , the action Γ a is free and properly discontinuous.
First, we show that the action is free. Suppose that Γ a (γ, P ) = P . Since γ = P X −a(γ) P −1 , we have |γ| = |a(γ)|. It implies that a(γ) = 0, and hence, γ is the identity.
To show that the action is properly discontinuous, we fix a compact subset
Let d be a left invariant metric on PSL(2, R) and e the identity element of PSL(2, R). Put
It implies the claim. Now, it is sufficient to show that there exists K > 0 such that Γ a (γ×V )∩V = ∅ for any γ ∈ Γ\Γ(K). Since PSL(2, R) is the universal covering group of the special linear group of R 2 , it acts on R 2 naturally as linear transformations. Let A be the operator norm of A ∈ PSL(2, R) with respect to the Euclid norm on R 2 . It is easy to see that |P | ≤ 2 log P for any P ∈ PSL(2, R) and |t| = |X t | = 2 log X t for any t ∈ R. Put K 0 = sup P,Q∈V log P −1 Q . Then, any P, Q ∈ V and γ ∈ Γ\Γ(2K 0 δ −1 ) satisfy
The following is a half of Theorem B.
Let H be the orbit equivalence between Φ Γ and Φ ρ that is given by Proposition 2.3. We define a continuous map τ on
for any q ∈ M Γ and t ≥ 0. Since Γ −1 = Γ and a(γ −1 ) = −a(γ) for any γ ∈ Γ, it is sufficient to show that
for any γ ∈ Γ h . Take γ ∈ Γ h . By Lemmas 3.2 and 3.3, there exist p 0 ∈ M Γ and n ≥ 1 such that Φ n|γ| Γ (p 0 ) = p 0 and the curve {Φ t Γ (p 0 )} 0≤t≤n|γ| represents the homology class of γ n . Put p = H(p 0 ) and T = τ (p 0 , n|γ|). Then, Φ T ρ (p) = p and
where · is a norm on M Γ . Remark that the second equation is a consequence of the fact that Φ ρ comes from the action of Aff + (R) and the third equation follows from the assumption F u ρ = F u Γ . These equations implies
The inequality (9) and the equation (11) implies that m · n|γ| ≤ C 1 (mT ) + C 2 for any m ≥ 1, and hence, n|γ| ≤ C 1 T . Therefore, we have
Recall that the vector field X generates the Anosov flow Φ Γ . The following proposition gives another characterization of ∆ Γ .
Proof of Proposition 3.7. First, we suppose that a is represented by a closed one form ω satisfying ω(X)(p) > −1 for any p ∈ M Γ . By the compactness of M Γ , we can take δ 0 > 0 so that ω(X)(p) > −1 + δ 0 for any p ∈ M Γ . For any γ ∈ Γ h , Lemma 3.3 implies that there exist P ∈ PSL(2, R), a central element c of Γ, and an integer n ≥ 1 such that (cγ n )P = P X n|γ| . Let π Γ be the projection from PSL(2, R) to M Γ and put p = π Γ (P ). Then, Φ n|γ| Γ (p) = p and Lemma 3.2 implies
It is sufficient to show that there exists a smooth function u on M Γ such that 1 + (ω − du)(X)(p) > 0 for any p ∈ M Γ . First, we claim that there exist T > 0 and ǫ > 0 such that
for any p ∈ M . Suppose that it does not hold. Then, we can take {p n } n≥1 of points of M Γ and {t n } n≥1 of positive numbers so that lim n→∞ t n = ∞ and
for any n ≥ 1. By the standard argument, it implies that the existence of an ergodic invariant probability measure µ of Φ Γ such that MΓ (ω(X) + 1)dµ ≤ 0.
By a theorem due to Sigmund [20] , any ergodic invariant probability measure of an Anosov flow can be approximated by invariant measures supported on periodic orbits. However, it contradicts the inequality (12) . For p ∈ M Γ and t ∈ R, we put
Since a(p, T ) > ǫ by the above, we have
Hence, we have
Leafwise smooth functions and deformation of foliations
In this section, we develop a method to replace smooth structures on a manifold along a codimension-one foliation, which is necessary to construct Anosov flows with desired derivatives. To do it, we introduce the leafwise smooth category associated with foliations in Subsection 4.1. In Subsection 4.2, we define a new smooth structure of a manifold associated with a family of Borel measures on leaves of a one-dimensional foliation and investigate its properties.
Leafwise smooth functions
For an integer r ≥ 1, we say a map f between smooth manifolds M and M ′ is
is of class C r and all its r-th partial derivatives are Hölder continuous for any smooth coordinates ψ on M and ψ ′ on M ′ . For r = 0, C 0+H = C H means Hoölder continuous. For integers 1 ≤ m < n, let R n,m be an m-dimensional foliation {R m × y} y∈R n−m on R n . We say a function f on an open subset U of R n is of class C H,r (R n,m ) if it is Hölder continuous and the partial derivative ∂ k f /∂x i1 · · · ∂x i k is Hölder continuous for any k = 1, · · · , r and i 1 , · · · , i k = 1, · · · , m, where (x 1 , · · · , x n ) is the standard coordinate system of R n .
Let M be an n-dimensional smooth manifold and F an m-dimensional continuous foliation on M . We denote the leaf that contains p ∈ M by F (p). For
We call a continuous coordinate ψ on an open subset U of M a C H,∞foliation coordinate of F if 1. ψ and ψ −1 are Hölder continuous, 2. ψ((F | U )(p)) = (R n,m | ψ(U) )(ψ(p)) for any p ∈ U , and 3. for any smooth coordinate (y 1 , · · · , y n ) on U , the function y i • ψ −1 is of class C H,∞ (R n,m ) and the matrix (∂y i /∂x j ) j=1,··· ,m i=1,··· ,n is of rank m at any point of ψ(U ).
We say that
The following lemma is almost trivial. The following theorem allows us to obtain the regularity of functions from the leafwise regularity. × y) is tangent to F for any y ∈ I p . We call such a map ϕ a (L, F )-coordinate. For any p ∈ M and q 1 , q 2 ∈ U p , the holonomy map H q1,q2 of F from (L| Up )(q 1 ) to (L| Up )(q 2 ) is well defined.
Deformation of smooth structures
For measures µ 1 and µ 2 on a measured space, if the Radon-Nikodym derivative of µ 1 with respect to µ 2 is well-defined, we denote it by dµ1 dµ2 . Let M H,∞ 0 (L, F ) be the set of families ν = {ν p } p∈M that satisfy the following conditions: 2. ν p = ν q if L(p) = L(q).
3. For each p ∈ M , a function ζ p on U p which is given by
is well-defined and is of class C H,∞ (F ).
Let M H,∞ (L, F ) be the subset of M H,∞ 0 (L, F ) consisting of ν = {ν p } p∈M which satisfying the following in addition:
4. There exist two positive constants C and δ such that , we define a diffeomorphism L p,x from I p to (L| Up )(ϕ −1 p (x, 0)) = ϕ −1 p (x × I p ) by L p,x (y) = ϕ −1 p (x, y). Let µ p be a Borel measure on I p such that µ p = ν p • L p,0 . It is easy to see that
for any (x, y) ∈ I n p . For any given C H,∞ (F )-function h, we define a mapφ p,h from U p to R n by
where [0, y] = −[y, 0] as an oriented interval if y < 0. By the equation (15), we haveφ
Since µ p is non-atomic and is positive on each non-empty open subset of I p , ϕ p,h is a homeomorphism onto its image. Moreover, the equation (14) implies thatφ p,h andφ −1 p,h is Hölder continuous. By the integral formula for coordinate changes, we have
for any continuous function f on M , p ∈ M , and q = ϕ −1 p (x, y ′ ) =φ −1 p,h (x, y), The following lemma means that the family {φ p,h } p∈M of coordinates defines a new smooth structure of M .
The equation (17) implies thať
Since H is smooth and ζ q + h is of class C H,∞ (F ), the mapφ p,h •φ −1 q,h is smooth.
ByM h , we denote the manifold M with the smooth structure defined by the family {φ p,h } p∈M . Let i h be the identity map from M to M h as sets. Both i h and i −1 h are Hölder continuous since so isφ p,h . In particular, i h is a homeomorphism between M and M h . We remark that i h is not smooth in general.
In the rest of this subsection, we investigate how the map i h preserves the regularity of various objects on M .
First, we consider the pair (L, F ) of foliations. Put L h = i h (L) and F h = i h (F ). It is easy to check that L h is a smooth foliation on M h . However, F h is not smooth in general.
Proof. Notice that a function f on M h is Hölder continuous if and only if f
is of class C H,∞ (R n,n−1 ), the mapφ p is of class C H,∞ (F ) and the map ϕ p
The following proposition implies that L h can be identified with L in some sense. Proof. Let Ψ be a smooth flow on M that is generated by the unit tangent vector field of L. Fix a smooth and even function g on R such that g ′ (t) ≤ 0 ≤ g(t) for any t ≥ 0, the support of g is compact, and the integral of g over R is one. For ǫ > 0 and a given continuous function f on M , we define a function S ǫ f on M by
We assume the following lemma, of which proof is postponed until we finish the proof of the proposition. 
be a partition of unity associated with the covering {U pi } m i=1 . For each i = 1, · · · , m, we define a map π i from U pi to F (p i ) and a functionȳ i on U pi by π i • ϕ −1 pi (x, y) = ϕ −1 pi (x, 0) for any (w, x, y) ∈ ϕ pi (U pi ) and
where I is the identity operator. Remark that H ǫ (L(p)) = L h (i h (p)) = i h (L(p)) for any p ∈ M .
For any p ∈ U pi ∩ U pj , we havē
for any p ∈ U j . The last term is smooth with respect to p since π i is smooth, its image is contained in a leaf of F , andȳ i is of class C H,∞ (F ). Now, we have
By Lemma 4.6, it is smooth with respect to p. By the same argument as [17] , we can see that H ǫ is a diffeomorphism and is C 0 -close to i h if ǫ is sufficiently small.
Proof of Lemma 4.6. We fix p ∈ M and ǫ > 0, and show that S ǫ f • ϕ −1 p is smooth on a neighborhood of the origin of R n . By the implicit function theorem, there exists a smooth functionτ on a neighborhood of the origin of R n+1 = R n−1 × R × R by
Since g andτ are smooth and f • ϕ −1 p is of class C H,∞ (R n,n−1 ), the function S ǫ f • ϕ −1 p is of class C H,∞ (R n,n−1 ). Therefore, S ǫ f is a C H,∞ (F )-function. By the standard argument, we can see that S ǫ f is of class C H,∞ (L). Therefore, Journé's theorem implies that S ǫ f is smooth.
The following lemma gives information on the regularity of i h1 • i −1 h2 .
Proof. Take p ∈ M and q ∈ U p . Suppose q = ϕ −1 p (x, y) =φ p,h1 (x, y 1 ) = ϕ p,h2 (x, y 2 ). By the formula (18), we have
It implies that y 2 is a C H,r+1 (R n,1 y )-and C H,∞ (R n,n−1 )-function of (x, y 1 ), where R n,1 y is the foliation {x × R} x∈R n−1 on R n . By Journé's theorem,φ p,h2 • ϕ −1 p,h1 is a C (r+1)+H -map.
The same calculation as above implies that
We show the regularity ofφ p,h1 •φ −1 p,h2 by a boot-strap argument. Since exp(
Inductively, we can show thatφ p,h1 •φ −1 p,h2 is a C (r+1)+H -map. Finally, we investigate how i h preserves the regularity of flows on M . Let Φ be a smooth flow on M such that L(Φ t (p)) = Φ t (L(p)) and F (Φ t (p)) = F (p) for any p ∈ M and t ∈ R. By Y , we denote the vector field that generates Φ. Remark that Y is tangent to the foliation F . By the equation (15), it can be checked that lim
for any p ∈ M and q ∈ U p . Since the left-hand side does not depend on the choice of p, the family {Y ζ p } p∈M of local functions defines a global C H,∞ (F )function. We denote it by Y ν.
By Proposition 4.4, a vector field
Proof. Fix p ∈ M . By the assumption on the flow Φ, we can define a map F from a neighborhood of the origin of R n = R n−1 × R to R n−1 by
Put v(x) = (∂F/∂t)(x, 0). Then, Dϕ p (Y )(x, y) = (v(x), 0) for any (x, y) ∈ I n p . Supposeφ −1 p,h (x, y) = ϕ −1 p (x, y ′ ). Then, we have
Hence, the equation (18) implies
By the assumption, the vector field Y h is of class C H,r+1 (L h ). Since the function
Cohomological equations over Anosov flows
Let Γ be a cocompact lattice of PSL(2, R) and put M = M Γ = Γ\ PSL(2, R).
Recall that X, U , and S are the vector field generating the natural right actions of {X t } t∈R , {S x } x∈R , and {U y } y∈R , respectively. Let Φ be the homogeneous Anosov flow on M , that is, the flow generated by X. By F ss , F uu , F s , and F u , we denote the strong stable, strong unstable, weak stable, and weak unstable foliations of Φ, respectively.
In this section, we consider the solution of the cohomological equation 
The C H,∞ -Livschitz theorem
In this subsection, we show a version of the Livschitz theorem.
for any (p, t) ∈ M × R, or equivalently,
Moreover, u is unique up to the constant term.
Remark 5.2. The original Livschitz theorem [15] was proved for general topologically transitive Anosov flows and Hölder continuous functions. In [16] , de la Llave, Marco, and Moriyón showed the Livschitz theorem for general topologically transitive Anosov flows and functions with continuous partial derivatives along the weak stable foliation. A modified version of their proof may give a proof of our version for general topologically transitive and three-dimensional Anosov flows, but we focus only on the natural action of {X t } t∈R in order to simplify the proof.
Theorem 5.1 is a consequence of the following lemma. 
is well-defined and is of class C H,∞ (F s ).
Proof. By the compactness of M , the function f is bounded. It implies that g m,f (p) is absolutely integrable for any p ∈ M . Hence, the function g m,f is well-defined. Fix a distance d on M and take β > 0 so that d(p · X t , q · X t ) ≤ e βt d(p, q) for any p, q ∈ M . We also take C > 0 and δ ∈ (0, (2β) −1 ) so that |f (p)| ≤ C and |f (p) − f (q)| ≤ Cd(p, q) δ for any p, q ∈ M . Then, we have
It implies that g m,f is Hölder continuous. Fix r ≥ 0 and suppose that g m,f is of class C H,r (F s ) for any m ≥ 1 and any
A similar calculation shows Xg m,f = g m,Xf . Therefore, the assumption implies that g m,f is of class C H,r+1 (F s ). By induction, we obtain that g m,f is a C H,∞ (F s )-function.
Proof of Theorem 5.1. By the classical Livschitz Theorem [15] , there exists a Hölder continuous function u which satisfies the equation (25) and it is unique up to the constant term. Since
we have (Su)(p) = − +∞ 0 e −t · (Sf )(p · X t ) dt = −g 1,Sf (p).
By the above lemma, Su is a C H,∞ (F s )-function.
Since Xu = f is also a C H,∞ (F s )-function, we obtain the theorem.
We can show the corresponding theorem for the orbit foliation F u Γ of the natural right action of Aff + (R) = {X t U y | t, y ∈ R} on M by replacing the pair (X, S) with (−X, U ). Hence, the following corollary follows from Theorems 4.2 and 5.1. See Theorem 2.1 of [16] for general topologically transitive Anosov flows.
Corollary 5.4 (The C ∞ -Livschitz theorem, [16] ). If the function f in Theorem 5.1 is smooth, then so is the obtained function u.
The Radon-Nikodym realization theorem
Recall that M = M Γ = Γ\ PSL(2, R) and Φ is the Anosov flow generated by X. The vector fields S and U are tangent to the strong stable foliation F ss and the strong unstable foliation F uu of Φ, respectively, and they satisfy DΦ t (S(p)) = e −t S(Φ t (p)), DΦ t (U (p)) = e t U (Φ t (p)) (26) for any p ∈ M and t ∈ R.
The main aim of this subsection is to prove a version of the Radon-Nikodym realization theorem for flows and leafwise smooth functions. 
Remark 5.6. The original version of the theorem was shown by Cawley [7, Theorem 2] for two dimensional Anosov automorphisms, Hölder functions, and transverse measure classes. Our proof in the below follows Cawley's one. But, we do all things in the C H,∞ (F s )-category and we need a careful treatment of the topological pressure.
We start a proof of the theorem with some preparation. First, we have only to obtain ν in M H,∞ 0 (F uu , F s ).
Proof. Fix a metric on M so that {X, S, U } is an orthonormal framing of T M . Let ν 0,p be the Lebesgue measure on F uu associated to this metric. For p ∈ M , we define a map L u p from R to F uu (p) by L u p (t) = p · U t . Remark that ν 0,p (L u p ([0, y])) = y for any p ∈ M and y > 0. Take δ > 1 so that δ −1 < λ · f (p) < δ for any p ∈ M . By the identity (5), we have
for any p ∈ M and t > 0. Since ν p (L u p ([0, 1])) is continuous with respect to p ∈ M , there exists C > 1 so that
for any p ∈ M . For y = e −t with t > 0, we have
By the standard construction of Markov partition for three-dimensional Anosov flows, we can obtain families {P j } j * j=1 of compact subsets of M , {ψ j : P j →[0, 1] 3 } j * j=1 of diffeomorphisms, and a (j * ×j * )-matrix A = (a ij ) with entries {0, 1} that satisfy the following conditions:
is transverse to the orbit foliation of Φ for any j = 1, · · · , j * and any (w, x, y) ∈ [0, 1] 3 .
3. all entries of A m is positive for some m ≥ 1.
4. If a ij = 0, then ψ −1 j ({1} × (0, 1) 2 ) ∩ ψ i ({0} × (0, 1) 2 ) = ∅.
5. If a ij = 1, then there exist subintervals I ij of [0, 1] and I ′ ij of [0, 1] such that
We define a function τ j on each P j by
Take x j ∈ (0, 1) and put I u j = ψ −1 j (1 × x j × [0, 1]) for any j = 1, · · · , j * . We may assume I u i ∩ I u j = ∅ when i = j by replacing x j if it is necessary. Let r j be the projection from P j to I u j along F s | Pj . For any pair (i, j) with a ij = 1, put
. The following lemma corresponds to Proposition 2 of Section 6 of [7] . 
is constant on each leaf of F s | Pij .
Proof. We define a smooth function s j on P j so that F ss (Φ sj (p) (r j (p))) = F ss (p) for any p ∈ P j and s j (q) = 0 if q ∈ I u j . By the equation (26), the distance between Φ t (p) and Φ t+sj (p) (r j (p)) decays exponentially. Since f is Hölder continuous, we can define a function u j on P j by
First, we see that u j is Hölder continuous. Take positive constants C > 0, β, and δ so that 1. |f (p)| ≤ C and |f (p) − f (q)| ≤ Cd(p, q) δ for any p, q ∈ M .
2. d(Φ t (p), Φ t (q)) ≤ e βt d(p, q) for any t ≥ 0 and p, q ∈ M , 3. |s j (p)| ≤ C and Φ sj (p) (r j (p)) ∈ {p · S x | x ∈ [−C, C]} for any p ∈ P j , and 4. max{d(r j (p), r j (q)), |s j (p) − s j (q)|} ≤ Cd(p, q) for any p, q ∈ P j .
Put T (p, q) = −(2β) −1 δ log d(p, q). For p, q ∈ P j , we have
Therefore, u j is Hölder continuous. Second, we show that u j is a C H,∞ (F s | Pj )-function. Since
for any p ∈ P j , Su j is a C H,∞ (F s | Pj )-function by Lemma 5.3. It is easy to check that (Xu j )(p) = f (p) for any p ∈ P j , and hence, Xu j is a C H,∞ (F s | Pj )function. Therefore, the function u j is of class C H,∞ (F s | Pj ). At last, we show that f ij is constant along each leaf of F s | Pij . Fix p ∈ P ij and put p ′ = r j (p). Since I u j ⊂ ψ −1 j (1 × [0, 1] 2 ), we have p ′ ∈ P i . A direct calculation shows that
Since r j (p) is constant on each leaf of F s | Pj , p ′ also is. Hence, f ij is constant on each leaf of F s | Pij .
By N, we denote the set of non-negative integers. Let Σ A be the space {ξ : N→{1, · · · , j * } | a ξ(n+1)ξ(n) = 1 for any n ∈ N}.
We define a metric d Σ on Σ A by
We also define the shift map σ A on Σ A by σ A (ξ)(n) = ξ(n + 1).
Put I u ij = r j (P ij ). Then, I u j = aij=1 I u ij and Int I u ij ∩ Int I u kj = ∅ if i = k for any j = 1, · · · , j * . We define a piecewise smooth map Φ Σ :
Since Φ is Anosov, there exist positive constants C * and α * such that
if Φ m Σ (p) and Φ m Σ (q) are contained in the same connected component of j * j=1 I u j for any m = 0, · · · , n − 1. By the standard construction, we can define a surjective continuous map π A from Σ A to
Lemma 5.9. The map π A is Hölder continuous.
Proof. Let C ′ be the diameter of M with respect to d. Suppose that ξ 1 , ξ 2 ∈ Σ A satisfy ξ 1 (0) = ξ 2 (0) and d Σ (ξ 1 , ξ 2 ) = e −(n+1) . Then, we have
It implies that π A is Hölder continuous.
We define a function f Σ on Σ A by
By Lemmas 5.8 and 5.9, f Σ is well-defined and is Hölder continuous. We recall the definition of the topological pressure. Let π A,n be the natural projection from Σ A to the set of maps from {0, · · · , n − 1} to {1, · · · , j * }. Put Σ A,n = π A,n (Σ A ). For any given Hölder continuous function g on Σ A , we define the topological pressure P (g; σ A ) of g with respect to σ A by
The topological pressure P (·; σ A ) satisfies
for any Hölder continuous functions g 1 , g 2 , and any integer n ≥ 1. Since all entries of A m is positive for some m ≥ 1, we can see that P (0; σ A ) is positive.
Proof. Put f n = n−1 j=0 f Σ • σ j A . Since f is positive-valued, the equation (28) implies that f n * is a positive-valued function for some n * ≥ 1. Take C > 1 such that C −1 ≤ f n * (ξ) ≤ C for any ξ ∈ Σ A . By (31), we have P (−λ · f n * ; σ n * A ) = n * · P (−λ · f Σ ; σ A ) for any λ > 0. The inequality (30) implies
is continuous, strictly decreasing, and unbounded from the below. Therefore, there exists λ > 0 such that P (−λ · f Σ ; σ A ) = 0.
The last ingredient of the proof of Theorem 5.5 is the following classical theorem. See Section 1 of [23] for the proof. Proof of Theorem 5.5. Applying the above theorem to the function −λ · f Σ , we obtain a Borel probability measure µ Σ on Σ A . It satisfies
(32) for any ξ ∈ Σ A and p ∈ r −1 ξ(0) (π A (ξ)). We define a Borel probability measure µ on j * j=1 I u j by µ = µ Σ • π −1 A . Since π A is surjective and finite-to-one, the measure µ is non-atomic and is positive on each open subset of
for any p ∈ Int P j . By the equation (32), we have
consists of finitely many periodic orbits, we can extend ν ′ to an element ν of M H,∞ (F uu , F s ) so that the equation (33) holds for any p ∈ M and t ∈ R.
Construction of non-homogeneous actions
We fix a cocompact lattice Γ of PSL(2, R) and a cohomology class a in ∆ Γ . As the previous section, we put M = M Γ = Γ\ PSL(2, R). We will construct an action ρ in A(Aff + (R), M ) withā Γ (ρ) = a. Recall that X, S, and U be the vector fields that generate the natural right action of {X t } t∈R , {S x } x∈R , and {U y } y∈R on M , respectively. By Proposition 3.7, we can fix a smooth closed one-form ω a which represents the cohomology class a and satisfies inf p∈M (1+ω a (X))(p) > 0. Let Φ be the Anosov flow on M that is generated by X. Then, the Anosov splitting of Φ is given by T M = RX ⊕ RS ⊕ RU . As before, we denote the strong stable foliation, the strong unstable foliation, the weak stable foliation, and the weak unstable foliation of Φ by F ss , F uu , F s , and F u , respectively. 
Regularity of deformed Anosov flows
The identities (5) and (6) imply
Hence, we have for p ∈ M and (y, t) ∈ R 2 . The equation
p,h (0, 0,y p (y, 0)) = (t, 0,y p (y, t)). By the equation (38), we have
Let · be a norm satisfying U h = 1. The equation (39) implies
Since (1 + ω a (X)) is positive and h is bounded, it goes to infinity uniformly as t→∞. Therefore, T M h = RX h ⊕ RS h ⊕ RU h is an Anosov splitting. The last assertion of the lemma follows from the equations (37) and (40).
The proof of Proposition 6.1 is done by an inductive choice of C H,∞ (F s )functions and taking a limit. Before starting the proof, we introduce some definitions. For a C H,∞ (F s )-function h and r ≥ 0, we say a continuous oneform ω on M h is of class C r+H,∞ (F s h ) if it is of class C r+H and ω(Y ) is of class C H,∞ (F s h ) for any C H,∞ (F h )-vector field Y . Remark that if ω is a one-form on M h1 of class C r+H,∞ (F h1 ) and i h2 • i −1 h1 is a C (r ′ +1)+H -diffeomorphism for r ′ ≤ r, then (i h1 • i −1 h2 ) * ω is a one-form on M h2 of class C r ′ +H,∞ (F s h2 ). We say a continuous one-form is closed if its integral over any null-homotopic piecewise-C 1 -curve is zero, and is exact if its integral over any piecewise-C 1 -curve is zero.
Let P n be the set of pairs (h n , ω n ) of a C H,∞ (F s )-function on M and a closed one-form on M hn of class C n+H,∞ (F s hn ) such that
Lemma 6.3. For any pair (h n , ω n ) ∈ P n , the vector field X hn is of class C n+H .
Proof. By Lemma 6.2, X hn is of class C 1+H . Suppose that X hn is of class C m+H for some m ≤ n − 1. It implies that the left-hand side of the equation (41) is of class C m+H . By Lemma 4.8, the vector field X hn is of class C (m+1)+H . By induction, we obtain the lemma. Lemma 6.4. Let (h n , ω n ) be a pair in P n and · C n+1 a fixed C n+1 -norm on the space of C n+1 -functions on M hn . For any ǫ > 0, there exists a pair
We can take a smooth one-form ω ′ on M hn so that ω ′ − ω n is exact. The standard argument implies the existence of a C n+1+H -function u 0 on M hn such that ω ′ − ω n = du 0 . It is easy to check that u 0 is of class C H,∞ (F s hn ). Take a smooth function u 1 on M hn so that u 1 − u 0 C n+1 < ǫ. Put u = u 0 − u 1 . Then, u is a C (n+1)+H -and C H,∞ (F s hn )-function on M hn and the form ω n + du
The following lemma gives a starting point of the inductive choice of the sequence {(h n , ω n ) ∈ P n } n≥0 . Lemma 6.5. The set P 0 is non-empty.
Proof. Let 0 be the constant function whose value is zero. Take a smooth closed one-form ω ′ 0 on M 0 so that
for any (p, T ) ∈ M × R. By the C H,∞ -Livschitz theorem (Theorem 5.1), there exists a C H,∞ (F s )-function such that
for any null-homotopic and piecewise-C 1 closed curve c on M h0 , the one-form ω 0 is closed. for any (p, T ) ∈ M × R with Φ T a,1 (p) = p. Let Φ and Φ a,1 be the lift of the flows Φ and Φ a,1 to PSL(2, R). Recall that Γ a be the left action of Γ on PSL(2, R) given by Γ a (γ, P ) = γ · P · X a(γ) = Φ a(γ) (γ · P ).
We define another action Γ ′ a of Γ by Γ ′ a (γ, P ) = Φ a(γ) a,1 (γ · P ).
Notice that a lift of H −1 •i h gives a conjugacy between actions Γ a and Γ ′ a . Since Γ a is free and properly discontinuous by Proposition 3.5, Γ ′ a also is. Hence, we can define an Anosov flow Φ a,2 on M ′ = Γ ′ a \ PSL(2, R). By F uu and F u , we denote the lifts of F uu and F u to PSL(2, R), respectively. Let π be the natural projection from PSL(2, R) to M ′ . Since Φ a,1 preserves F uu and F u , the action Γ ′ a preserves F uu and F u . Hence, the smooth foliations F uu a = π( F uu ) and F u a = π( F u ) are well-defined. It is easy to see that they are the strong unstable foliation and the weak unstable foliation of Φ a,2 .
As shown by Ghys [10] , we can identify Φ a,2 with a parameter change of Φ a,1 on M . Under this identification, we have F u a = F u and a point p ∈ M satisfies Φ T a,2 (p) = p if and only if Φ T ′ a,1 (p) = p, where
In particular, the equations (43) 
for any p ∈ M and t ∈ R. Let Ψ a be the flow generated by the unit tangent vector field tangent to the strong unstable foliation of Φ a2 . Now, we can define an action ρ in A(Aff + (R), M ) by ρ(p, X t ) = Φ t λa (p) and ρ(p, U y ) = Ψ y (p). Since Γ is cocompact, the commutator group of Γ contains a hyperbolic element. By Lemma 3.3, there exists a pair (p 0 , T 0 ) ∈ M × R such that Φ T0 a,2 (p 0 ) = p 0 and the orbit {Φ t a,2 (p 0 ) | t ∈ [0, T 0 ]} represents the zero class in H 1 (M, R). Since (λ a − 1)T 0 = log det DΦ T0 a,2 (p) =ā Γ (ρ)(0) = 0, we have λ a = 1. Therefore, the equations (45) and (45) imply thatā Γ (ρ) = a.
7 Proof of Theorem C Ghys [12] gave a classification of Anosov flows whose Anosov splitting is of class C 2 .
Theorem 7.1 (Ghys [12] ). Let Γ be a cocompact lattice of PSL(2, R) and Φ be a smooth Anosov flow on M Γ . If Φ admits a C 2 Anosov splitting, then there exist cocompact lattices Γ s and Γ u which are isomorphic to Γ and such that the weak stable foliation of Φ is diffeomorphic to F s Γs and the weak unstable foliation of Φ is diffeomorphic to F u Γs . The following lemma is a key to the proof of Theorem C. Recall that θ is the natural projection from PSL(2, R) to PSL(2, R) and [P, Q] is the commutator P −1 Q −1 P Q of P, Q ∈ PSL(2, R). for any A ∈ PSL(2, R) with |tr A| > 2. Now, we prove Theorem C. Let ρ be a smooth right action in A(Aff + (R), M Γ ) for some cocompact lattice Γ of PSL(2, R). Let Φ be the Anosov flow given by ρ(p, X t ) = Φ t (p) and Φ be its lift to PSL(2, R). For any hyperbolic element γ ∈ Γ, there exist P ′ γ ∈ PSL(2, R), n γ ≥ 1, and a central element c γ ∈ Γ such that c γ · γ nγ · P ′ γ = P ′ γ · X nγ |γ| .
It is easy to see that a leaf of the weak unstable foliation of an Anosov flow is non-planer if and only if it contains a periodic orbit. Hence, there exist P γ ∈ PSL(2, R) and T γ > 0 such that (c γ · γ nγ ) · P γ = Φ Tγ (P γ ).
Let π Γ be the projection from PSL(2, R) to M Γ and put p γ = π Γ (P γ ). The above equation implies log DΦ Tγ | E ss (pγ ) = −|c γ · γ nγ | = −n γ |γ|,
where T M = T Φ ⊕ E ss ⊕ E uu is the Anosov splitting of Φ. Suppose that the weak stable foliation F s of Φ is of class C 2 . By Ghys's classification, there exists a cocompact lattice Γ ′ and a C 2 -diffeomorphism H from M Γ to M Γ ′ such that H(F s ) = F s Γ ′ . We define a flow Φ 1 on M Γ ′ by 
We show that | H(γ)| = |γ| for any hyperbolic element γ ∈ Γ. Once it is shown, thenā Γ (ρ) is the zero class, and hence, ρ is homogeneous.
Fix a hyperbolic element γ ∈ Γ. Since Γ is cocompact, there exists γ ′ ∈ Γ such that η n = [γ n , γ ′ ] is not contained in the center for any n ≥ 1. By Lemma 3.1, θ(η n ) is not parabolic. Since | H(η n )| − |η n | =ā Γ (ρ)(η n ) = 0 for any n, Lemma 7.2 implies that | H(γ)| = |γ|. It completes the proof of Theorem C.
